We study the interactions between strongly interacting massive particle dark matter and the Standard Model via a massive vector boson that is kinetically mixed with the hypercharge gauge boson. The relic abundance is set by 3 → 2 self-interactions of the dark matter, while the interactions with the vector mediator enable kinetic equilibrium between the dark and visible sectors. We show that a wide range of parameters is phenomenologically viable and can be probed in various ways. Astrophysical and cosmological constraints are evaded due to the p-wave nature of dark matter annihilation into visible particles, while direct detection methods using electron recoils can be sensitive to parts of the parameter space. In addition, we propose performing spectroscopy of the strongly coupled dark sector at e + e − colliders, where the energy of a mono-photon can track the resonance structure of the dark sector. Alternatively, some resonances may decay back into Standard Model leptons or jets, realizing 'hidden valley' phenomenology at the LHC and ILC in a concrete fashion.
Introduction
The weakly interacting massive particle (WIMP) has long been the dominant paradigm for explaining the presence of dark matter. This is because of the so-called 'WIMP miracle'-that weak-scale dark matter with weak interactions gives the correct relic abundance if the dark matter annihilates to Standard Model (SM) particles-and that we expect new weak-scale particles to exist and address the hierarchy problem. There is, however, no compelling evidence of the WIMP's existence, and new particles at the weak-scale have yet to be discovered. As a result, considerable theoretical and experimental effort has been put into exploring dark-matter scenarios beyond the WIMP.
One recent proposal to explain the particle nature of dark matter is the strongly interacting massive particle (SIMP) mechanism [1] . SIMPs have several distinguishing characteristics compared to WIMPs. First, the process responsible for the dark matter relic abundance is a 3 → 2 self-annihilation process consisting entirely of dark matter particles. This mechanism of thermal freezeout predicts dark matter that is lighter than the WIMP, with masses typically between an MeV and a GeV. Indeed, QCD-scale dark matter with strong self-couplings gives the correct relic abundance. The strong self-interactions of the SIMP also lead to strong self-scatterings, which can address longstanding puzzles in small-scale structure. The 3 → 2 process pumps heat into the system [2] , and so the dark matter must dump its entropy, in order to stay cool during freezeout. This can be done by interacting either with new light degrees of freedom or with abundant light SM particles. In the latter case, couplings to the SM of a particular size are necessary for maintaining thermal equilibrium with the thermal bath, leading to distinct experimental dark-matter signatures.
In Ref. [3] it was proposed that SIMPs could be the pions (pseudo-Nambu-Goldstone bosons) of a strongly coupled QCD-like confining hidden sector, where the Wess-ZuminoWitten term [4] [5] [6] generated the 3 → 2 number-changing process. Requiring the validity of chiral perturbation theory, together with dark matter self-interaction constraints, suggests that the mass of the pion and its decay constant should be of order a few × 100 MeV, resembling the pions and kaons of the SM.
Various aspects of SIMP dark matter are being studied in the literature (see, e.g., Refs. [7] [8] [9] [10] [11] [12] [13] ). In Ref. [8] , a particular mediator between the SM and SIMPs was studied, towards maintaining thermal contact between the two sectors. The setup was of a U (1) D symmetry under which the pions are charged, and whose gauge boson kinetically mixes with the hypercharge gauge boson of the SM.
In this work, we explore in further detail the prospects for kinetically mixed vector mediation between the SIMP and SM sectors. We include the possibility that the dark matter belongs to various different confining gauge groups, finding appropriate subgroups of the residual global symmetries that can be gauged. We find the experimental constraints on the kinetically mixed parameter space, and give future experimental probes of these interactions.
Importantly, we propose performing spectroscopy of the strongly coupled sector at e + e − colliders, where the energy of a mono-photon, in e + e − → γ + inv, can be used as a tracer for the resonance structure of the SIMP sector. More generally, dark spectroscopy can be done for any strongly coupled dark sector that couples (in a conceptually similar way) to the SM.
The outline of this paper is as follows. Section 2 reviews the pion-setup of the SIMP mechanism, and Section 3 sets up the kinetically mixed hidden photon. In Section 4 we describe the dark photon as a mediator between SIMPs and the SM: this includes the embedding of the dark photon into the SIMP setup for different confining gauge groups, as well as thermalization and annihilation. Section 5 details the decays of the dark sector, visible and invisible. We describe our proposal of dark spectroscopy in Section 6, discuss future prospects in Section 7, and conclude in Section 8.
SIMP review
We begin by reviewing the SIMP setup presented in Ref. [3] , where the dark matter is a pion (pseudo-Nambu-Goldstone boson) of a confining hidden sector, with the Wess-ZuminoWitten (WZW) action generating the 3 → 2 process.
We consider an SU (N c ) gauge theory with N f Dirac fermions, an SO(N c ) gauge theory with N f Weyl fermions, or an Sp(N c ) gauge theory with 2N f Weyl-fermions, q i , in the N cdimensional representation of the gauge group, with N c the number of colors (N c is even for Sp(N c )). Neglecting quark masses, the Lagrangian takes the simple form
The Lagrangian contains an exact global-symmetry, G, which with a sufficiently small N f for a given N c , leads to chiral symmetry breaking of the global symmetry down to a subgroup H. The expected symmetry-breaking pattern G/H is SU (N f ) × SU (N f )/SU (N f ), SU (N f )/SO(N f ), and SU (2N f )/Sp(2N f ), for an SU (N c ), SO(N c ), and Sp(N c ) gauge theory, respectively. The low-energy effective chiral action for the above theories is Here π = π a T a , T a are the broken generators of G/H and J = iσ 2 ⊗ I N f is the Sp(2N f ) invariant. We use the normalization TrT a T b = 2δ ab . The ungauged Wess-Zumino-Witten action, Γ WZW , takes the form: 4) where the integral is over a five-dimensional manifold (M 5 ) whose boundary is identified with the ordinary four-dimensional Minkowski space. The WZW-action is non-vanishing provided that the fifth homotopy group of the coset space, π 5 (G/H), is non-trivial. This is satisfied when N f ≥ 3 for SU (N c ) and SO(N c ) gauge theories and N f ≥ 2 for Sp(N c ) gauge theories. Expanding the effective-action to leading order in the pion fields, the interaction Lagrangian is
Tr π 2 ∂ µ π∂ µ π − π∂ µ ππ∂ µ π + 2N c 15π 2 f 5 π µνρσ Tr (π∂ µ π∂ ν π∂ ρ π∂ σ π) + O(π 6 ) .
(2.5) The 5-point interactions coming from the WZW-action, which involve five different pion fields, enable the 3 → 2 process of the SIMP mechanism.
The SIMPlest model is that of the smallest particle content, which is the Sp(2) SU (2) gauge group with N f = 2, where the coset space is SU (4)/Sp(4) = SO(6)/SO(5) = S 5 , with π 5 (S 5 ) = Z. The five pions are the minimum number of pions needed for the 3 → 2 process via the WZW term. In what follows, this model will often be used as an example to demonstrate the phenomenology of the proposal here.
Without an explicit mass term for the quarks, the pions are exact Goldstone-bosons, and therefore massless. For the gauge theories considered here, an H-invariant quark mass can be added to the Lagrangian,
which induces a mass for all the pions ,
The H-invariant mass-term ensures that the chiral Lagrangian respects the unbroken symmetry. The pions transform as a non-trivial representation under H and thus are stable, as they are the lightest fields with non-trivial quantum numbers. In what follows, we will always assume a mass-term for the quarks that preserves some subgroup of the flavor symmetry H, which acts to stabilize the pions. The thermally averaged 3 → 2 annihilation cross-section can be calculated from the effective 5-point interaction in Eq. (2.5), 8) where x f = m π /T f 20 and T f is the bath temperature at freeze-out. The factor of t 2 /N 3 π is combinatorial factor that depends on N f and the choice of the confining gauge-theory; further details are found in the Appendix of Ref. [3] . For a given N f and N c , obtaining the correct relic abundance via 3 → 2 annihilation gives an explicit relationship between m π and f π . There are strong constraints on large dark-matter self scatterings from bullet-cluster obsersvations [14] [15] [16] and halo shape simulations [17, 18] , which give roughly σ scatter /m DM 1 cm 2 /g. In terms of the pions, the self-scattering cross section can be calculated to leading order using the 4-point interactions of the chiral Langrangian [Eqs. (2.5) and (2.7)], 9) where the factor of a 2 /N 2 π is a combinatorial factor that depends on N f and the choice of the confining gauge-theory; further details can be found in the Appendix of Ref. [3] .
Applying the constraints on self-interactions, that the pions produce the observed darkmatter relic abundance, and assuming validity of chiral perturbation theory m π /f π 2π, points to a preferred region of parameter space which is very similar to that of QCD:
This corresponds to the strongly interacting regime of the theory, where the strong dynamics can induce O(1) changes to the above; Eq. (2.10) should be thought of as a mere proxy to the scales involved. We note that the self-scattering cross sections predicted by Eq. (2.9) are of the right size to reconcile discrepancies in N-body simulations with the observed small-scale structure, such as the 'core vs. cusp' and 'two big to fail' puzzles [17] [18] [19] [20] [21] [22] [23] [24] . Additionally, a recent study of the Abell 3827 galaxy cluster showed evidence for self-interactions of dark matter [25, 26] . Ref. [25] claimed the self-scattering cross section should be σ scatter /m = (1.7 ± 0.7) × 10 −4 cm 2 g −1 × (t infall /10 9 yr) −2 , but a reanalysis in Ref. [26] finds σ scatter /m = 1.5 cm 2 g −1 as the preferred value, similar to the rate needed to address the small-scale structure puzzles and the rate expected from the SIMP mechanism.
Dark photon review
We consider a massive dark photon, which is the U (1) D gauge boson, that is kinetically mixed with the hypercharge gauge boson. Extensively studied in the literature, here we summarize the relevant parts of the dark photon Lagrangian as well as relevant experimental limits, including several new limits.
Kinetic mixing
We take a U (1) D gauge theory with a gauge field A µ which has kinetic mixing with the
The gauge boson's mass may arise either from a hidden-photon Higgs mechanism or the Stückelberg trick.
After electroweak symmetry breaking occurs, A µ becomes a mixture of the Z-boson and the dark photon V [8, 27] ,
3)
The mass eigenvalues are then
The vector bosons couple to the current operators as
For later convenience, we define the coupling strength of the dark photon to the electromagnetic and Z currents,
Experimental limits on dark photons
In order to understand the range of parameters viable for the SIMP mechanism, we now assemble the current experimental limits on dark photons. There are two extreme cases of the dark photon decays to be considered: (I) 100% branching fraction into Standard Model particles (left panel of Fig. 1 ), and (II) 100% branching fraction into invisible particles (right panel of Fig. 1 ).
Most of the limits presented in Fig. 1 are reproduced from Refs. [28] [29] [30] . However, a few comments are in order. First, we do not consider the case of a dark photon lighter than twice the dark pion. The reason is that if the coupling of this process is strong enough to achieve kinetic equilibrium between the two sectors at the time of the freezeout, it would cause the annihilation rate of ππ → πV to dominate over the πππ → ππ process required for the SIMP mechanism [8] . The constraint from electroweak precision observables (labeled EWPO, brown) [29] is independent of how the dark photon decays and is shown in both panels of Fig. 1 . Another constraint relevant to both visible and invisible decays comes from the search for a contact four-fermion operator at LEP II [31] (labeled contact, orange), which was not discussed in Refs. [28] [29] [30] . This process is nominally weaker than the limit from EWPO. We include it, however, since it is expected to improve at the ILC by roughly an order of magnitude [32] (see Fig. 7 ).
Bounds from visible decays 1 of a dark photon are shown in the left panel of Fig. 1 . Starting from the low m V region, the first constraint (labeled BaBar, red) is from a dedicated search for e + e − → γV followed by V → e + e − , µ + µ − at BaBar [33] . The next constraint (labeled CMS7,h → ZV , green) is the reinterpretation of the study of h → Z ( * ) Z * → 4 by CMS [34] as a search for h → Z ( * ) V → 4 [30] . The third bound (labeled CMS7,DY, purple) is from the search for Drell-Yan production of lepton pairs performed by CMS in Ref. [35] . The right most bound (labeled LHC8,DY, blue) also comes from the search for Drell-Yan production of lepton pairs in Ref. [36] , using the ATLAS data [37] . Similarly, there are bounds specific for the invisible decays of the dark photon; these are shown in the right panel of Fig. 1 . Starting from the low m V region, the first one (labeled BaBar, purple) is from a search at BaBar for Υ(3S) → γA 0 , where A 0 is a pseudo-scalar boson that decays invisibly [38] . Note that Υ(3S) → γV is forbidden by charge conjugation invariance, but the limit can be re-interpreted as that on the continuum production e + e − → γV followed by V → invisible [28, 29] . The next bound (labeled monojet, blue) is for pp → jet + V , V → invisible. Here the limit is scaled from the coupling to the upquark in Ref. [39] that used data from CDF and ATLAS (7 TeV) . This bound is currently subdominant to other constraints, but is expected to be improved with higher luminosity and energy at the LHC. Finally, the limit from the mono-photon search at DELPHI [40] (labeled DELPHI, green) is reinterpreted, allowing for 2σ fluctuations in each energy bin.
All limits are expected to be improved in the future by the LHC Run-2 and beyond, SuperKEKB, ILC and/or a 100 TeV pp collider. The limits on a given model depend on the branching fractions of the dark photon into visible particles vs. invisible modes. These branching ratios will be studied in Section 5. Future prospects will be discussed in Section 7.
The dark photon in SIMP Models
We now study how the dark photon couples to the SIMP sector. We start by identifying the U (1) D subgroup of the unbroken global flavor symmetry H, in the strongly coupled SIMP theory in Section 4.1. We then study two basic constraints for the SIMP setup in this realization: (I) kinetic equilibrium (thermalization) between the Standard Model and SIMPs during freeze-out (Section 4.2); and (II) dominance of the 3 → 2 annihilation of SIMPs over the 2 → 2 annihilation into SM particles, ππ → V * → + − (Section 4.3).
Gauging U (1) D
Here we explore the embedding of the dark photon in the symmetry structure of the SIMP strongly coupled theories. The simplest possibility is to gauge a U (1) D part of the unbroken flavor symmetry H of the coset space G/H. In principle one can also consider gauging a broken symmetry, in which case one of the pions is eaten by the gauge boson. We consider the case of unbroken generators here only for simplicity. Ref. [8] Which subgroup of H should be gauged? There are two requirements behind the choice. The first one is that the pions do not decay into dark photons. This can be guaranteed if all the pions transform non-trivially under part of the unbroken flavor symmetry. The other condition is to maintain the near degeneracy of quarks, so that at least five different pions participate in the 3 → 2 process via the WZW term. The U (1) D coupling renormalizes the quark masses,
where α D ≡ e 2 D /(4π) is the dark coupling strength, M is a UV cutoff such as the Planck scale, Λ is the confining scale, and Q q is the U (1) D -charge of quark q. If Q 2 q is not common to all quarks, quark masses are split at the ∼ 15% level for α D ≈ α (with α the electroweak coupling strength), which may or may not be acceptable. For this reason, and for simplicity, we choose U (1) D so that all quarks have the same charge, up to a sign.
We first consider Sp(N c ) gauge theories, and the resulting flavor coset SU (2N f )/Sp(2N f ). The pions transform in the anti-symmetric tensor of Sp(2N f ). This agrees with the intuition that the pions are the S-wave spin-zero bound state of massive Majorana quarks, with gauge indices contracted by the anti-symmetric symplectic tensor, requiring the antisymmetric combination of flavor indices. If the quarks are degenerate, the quark mass term also respects Sp(2N f ), and hence the degeneracy is preserved by the flavor symmetry. The U (1) D is embedded in the global symmetry as
The quarks transform as ( , +1) and ( , −1) multiplets under
, and Ω(adj, 0),
and since the SU (N f ) symmetry is exact, neither the anti-symmetric tensor A nor the adjoint Ω can decay, and all pions are stable. When the U (1) D symmetry is gauged, the WZW-action includes additional gaugeinteractions. Up to linear terms in the U (1) D gauge boson A, the gauged WZW-action is
Here, 'Tr' in the first line is the trace over 2N f × 2N f matrices, while 'tr' in the second line is the trace over N f × N f matrices. Semi-annihilation channels of ππ → πV are then present, and may spoil the SIMP mechanism. We suppress these processes by taking m V ∼ > 2m π , rendering the process kinematically inaccessible during freeze-out (including effects of the thermal tail). Similarly, semi-annihilation interactions will be present from the gauged WZW action in the other gauge theories, and so we will always take m V ∼ > 2m π .
For the SO(N c ) gauge theory with the SU (N f )/SO(N f ) coset, if the number of flavors is even N f = 2n f , the gauged U (1) D is embedded as
The quarks transform as ( , +1) 
where the U (1) D generator is
with
The pions transforming in the non-trivial representations of the unbroken flavor group are protected from decay. The singlet pion in the SU (N c ) gauge theory, however, is not protected, but must be stable at the time of freeze-out; otherwise the other pions can scatter into this neutral state which then decays, eventually depleting the pion abundance. This issue cannot be avoided even if the singlet pion decays after freeze-out, because then the pion will decay after BBN and dissociate light elements. Therefore, the pion must be stable on cosmological time scales. The above choice of U (1) D , Eq. (4.7), avoids the possibility of the singlet neutral pion π 0 decaying into π 0 → V * V * → e + e − e + e − via the axial anomaly. This is because the singlet pion corresponds to the generator 8) and the triangle anomaly diagram vanishes, TrT 0 QQ = 0. The Adler-Bardeen theorem guarantees that this cancellation persists to all orders in perturbation theory [41] . Inserting more photons does not make π 0 unstable. This is because charge conjugation invariance requires an even number of photons, while Tr T 0 Q 2n = 0 for any n ∈ Z. Double traces Tr T 0 Q 2n−1 Tr Q 2m−1 need not vanish, but the corresponding Feynman diagram, that may generate the effective operator, vanishes because of charged conjugation invariance of each fermion loop (Furry's theorem). This is an intriguing case where a particle with no conserved quantum number appears to be stable. We note that the singlet π 0 may decay through a higher dimension operator in the QCD-like theory, induced by some heavy particles, leading to a signal of late-time decay in the galactic halo. The non-degeneracy among the charged and neutral pions, generated below the confinement scale, is of the order of ∆m 2 π ≈ e 2 D f 2 π . Sufficient degeneracy between the neutral and charged pions should be maintained in order to achieve the 3 → 2 annihilation through the WZW term.
Having established the embedding of the dark photon in the confining SIMP theories, we now proceed to address the conditions of the SIMP mechanism in the presence of the dark photon.
SIMP conditions: Thermalization
A crucial requirement of the SIMP mechanism is that the entropy is dumped out of the SIMP sector while the SIMPs freeze-out through the 3 → 2 process. We demand that the scattering rate between the SIMPs and the light Standard Model leptons (e ± , ν,ν) is faster than the expansion rate at the freeze-out temperature T f , described by
The scattering cross section π → π , where is a SM lepton (assumed massless), is
at threshold. We disagree with Eq. (18) in Ref. [8] where the mixing with the photon and Z are added incoherently in the cross section, or no Z-boson exchange diagram is considered. The above expression Eq. (4.9) should be summed over f = e ± R , e ± L , ν e,µ,τ ,ν e,µ,τ , where
A naive estimate on the overall scattering rate can be obtained by requiring it be larger than the expansion rate at freezeout,
The resulting constraint is depicted by the dotted line of Fig. 2 
(labeled naive).
A more detailed study of the rate of energy transfer between the SM and SIMP sectors results in a slightly more stringent constraint, strengthening the depicted curve [42] . The rate at which energy is lost for a dark matter particle scattering with a bath fermion via the process
2 is averaged over initial and final state degrees of freedom. This should be compared to the rate at which kinetic-energy per-particle is being changed by the expansion of the universe, while chemical equilibrium is maintained by the 3 → 2 self-annihilations. The rate at which the mass of the disappearing dark matter is transferred to kinetic energy in the dark-matter bath, by the 3 → 2 process is,
Therefore, in order for kinetic equilibrium to be maintained during freeze-out, the overall scattering rate must satisfy 13) where the coefficient of the left-hand-side is determined by performing the integral in Eq. (4.11). The resulting constraint is depicted in the bottom shaded region of Fig. 2 , stronger by a factor of ∼ 3 compared to the naive estimate.
SIMP conditions: Annihilation
The second condition for SIMP dark matter is that at the time of freeze out, no new SIMP annihilations beyond the 3 → 2 process should be dominantly active. To this end, we require the 2 → 2 annihilation of ππ → V * → e + e − to be out of equilibrium at freeze-out. The annihilation cross section is given by and the requirement that annihilations are off during freezeout is
Here, 16) represent the entropy at freeze-out and the measured dark matter abundance, respectively. The resulting constraint is depicted in the top shaded region of Fig. 2 . The semi-annihilation process of ππ → πV must also be subdominant to the 3 → 2 process during freeze-out. Since the thermalization requirement bounds α D 2 γ from below, and the semi-annihilation process is proportional to α D , the only way to suppress the semi-annihilation process while maintaining thermal equilibrium with the SM is to require a kinematic suppression, Y π Y V Y 3 π with the yields Y π,V ∼ e −m π,V /T f . Therefore, we need m V 2m π , compensating for the thermal tail. This constraint is shown in the shaded region towards the left-hand side of Fig. 2 .
In principle, stringent limits on light dark matter annihilations in the late Universe can exist [1] . These come from measurements of the CMB power spectrum [43] as well as from measurements of diffuse gamma-rays in the galactic halo [44] . In our case, the annihilation of dark pions through the s-channel exchange of a dark photon, π + π − → V * → e + e − , proceeds strictly in the p-wave, and the corresponding annihilation cross sections at later times are suppressed by v 2 . Consequently, the cross section is much smaller at the time of recombination and in the galactic halo today. The process π + π − → V * V * → e + e − e + e − is also suppressed, by 4 γ (
The strength of the CMB and indirect-detection data is shown in the dashed magenta and blue and curves in Fig. 2 , respectively. As is evident, these constraints play no role in the SIMP/dark-photon setup. Likewise, bounds from stellar cooling are evaded for SIMP pion masses of order a few hundred MeV, as they (and the heavier mediator) are too heavy to be produced in white dwarfs or supernovae. We learn that SIMP dark pions together with a dark photon mediator provides a light dark matter candidate that easily evades astrophysical and cosmological constraints.
Dark photon decays
The limits on the dark photon parameters discussed in Section 3 were obtained for 100% branching fraction either into visible or invisible modes. In a given model, the branching fractions into each mode must be computed in order to properly identify the viable parameter space. This is a complicated, yet fascinating task, due to the strong dynamics of both the QCD and SIMP sectors. We attempt the computation of partial widths in this section.
Invisible width of dark photon
The dark photon can decay into the dark sector. In e + e − annihilations, the virtual darkphoton can create hadronic states and probe the structure of the strongly coupled theory, determining properties such as the number of colors, flavors and the electric charges of the states. Given that the dark sector is a QCD-like strongly coupled gauge theory, the dark photon can produce vector resonances and hence perform spectroscopy of the dark sector, in a very similar way to spectroscopy of QCD resonances from virtual photons. To the best of our knowledge, this important point has not been discussed in the dark photon literature.
It is an interesting theoretical challenge how to model the dark spectroscopy. In what follows, we use a parametrization inspired by 'soft wall' holographic QCD [45] which mimics the resonance spectrum of radial excitations consistent with the Regge behavior of m 2 n ∝ (n + J). This tool, used to model strongly coupled gauge theories, will enable us to understand what region of parameter space is available, as well as to demonstrate in a concrete way the various aspects of the proposed SIMP spectroscopy.
Parton-level widths
When the dark photon mass is much higher than the dynamical scale of the hidden strong sector, the invisible decays of the hidden photon can be computed at parton-level into hidden quarks. The width of the hidden photon to quark-pairs is
where
is the two-body decay width into a single Dirac fermion. We note that the analysis of Ref. [8] considered vector decays into pions, rather than into quarks. In the SU (N c = 3), N f = 3 model considered there, there are two charged scalars of charge two, and hence the invisible width to the charged pions is Γ(V → ππ) = 2Γ 0 , while the invisible width into dark quarks is, according to Eq. (5.1), a factor of 3N c /2 larger. Of course, the partonlevel calculation breaks down near the dynamical scale where the dark quarks form dark hadrons, and will be treated in the next section. Despite the factor of N c N f appearing in Eq. (5.1), we do not expect the invisible width to be very large. For instance, requiring that the U (1) D coupling does not hit a Landau pole below the Planck scale gives
The perturbativity constraint on the U (1) D coupling, Eq. (5.3), also ensures that the dark pions are sufficiently degenerate for the 3 → 2 (co-annihilation) process to proceed.
Vector resonances
As the mass of the hidden photon approaches the confinement scale, the effects of hadronic vector resonances of the strongly coupled theory on the invisible decay width become important. However, we cannot compute the strongly coupled physics from first principles. For the purpose of calculating the invisible branching ratios of the hidden photon, and illustrating spectroscopy at future e + e − colliders, the resonance structure needs to be modeled in a reasonable way. For the discussions here, we focus on Sp(N c ) gauge theories, while SO(N c ) and SU (N c ) gauge theories are discussed in Appendix A. The ρ mesons are L = 0, S = 1 bound states of the Majorana quarks whose gauge indices are contracted by the (anti-symmetric) symplectic tensor. Therefore the flavor indices transform as a symmetric tensor of the unbroken 0) . The dark photon couples to the singlet representation ρ (1, 0) .
The width of the dark photon can be obtained from the vector-vector correlation function or vacuum polarization diagram, 6) where the factor of N f comes from the normalization of the U (1) D charge, and the vacuum polarization function Π(q 2 ) is defined by
In the strongly coupled regime and large N c , the same vacuum polarization function should be obtained by summing over the vector resonances [46] . The vector resonances ρ n are characterized by their masses and decay constants with the corresponding vector currents J a µ , 0|J
Casting this into an effective Lagrangian using its source gauge field J a µ A µa ,
The vacuum polarization diagram is obtained by integrating out ρ n and differentiating the resulting action with respect to A a µ twice (right-most diagram in Fig. 8 in Appendix A),
leading to
In order to perform the sum, the spectrum and decay constants of the ρ-mesons are needed. To calculate these, we borrow results from the 'soft-wall' holographic QCD [45] , the minimal details of which are reviewed in Appendix A, and state the main results here. Holographic QCD identifies ρ-mesons as the gauge bosons of the gauge flavor symmetry in the AdS bulk, which precisely agrees with the quantum numbers discussed above. The spectrum and decay constants are given by Eqs. 
with H the harmonic number [see Eq. (A.9)] and
With simplifying assumptions given in Eq. (A.11), the ρ → ππ partial widths are given by
Visible widths of dark photon
The decay of the dark photon into the visible sector can be computed reliably (see e.g. Ref. [47] ). For the leptonic final states:
where Γ 0 ≡ α D m V /3 as in Eq. (5.2). The hadronic width is modulated by the resonance structure of QCD. Using the standard notation of the hadronic cross section in e + e − annihilations at center of mass energy √ s, 17) where the subscript 0 refers to the lowest order QED calculation for massless muons,
the hadronic width is
We use data of R(s) from Ref. [48] . When m V is much higher than the QCD scale and is comparable to or above m Z , the full expression of Eq. (3.5) should be used for each Weyl fermion in the Standard Model,
For quark final states, this should be multiplied by the QCD correction factor, 1 + α s /π.
Results and constraints
We are now ready to compute the partial widths of the dark photon. If the dark photon is heavier than multi-GeV, it is in the perturbative regime for both our QCD and the QCD-like dark-sector. For a light(er) dark photon, non-perturbative effects are important and the partial widths are highly non-trivial. The last ingredient needed is the mass scale of the ρ resonances relative to m π ; this is highly model-dependent. In the SIMPlest model of an Sp(2) SU (2) gauge group with N f = 2, perturbativity considerations along with self-scattering constraints point to the rough scales of m π /f π ≈ 6 and m π ≈ 300 MeV [3] . Since the theory is in the very strongly interacting regime, this is understood as a proxy to the scales involved; O(1) corrections are likely to apply. In what follows, we use these estimates for the pion scales involved for illustration purposes. We do not know what the corresponding ρ-meson mass is, however we do expect the first of the vector-meson states ρ n to at least be heavier than π. This is because, in the non-relativistic quark model, the mass splitting between the mesons is due to the hyperfine interaction of two quarks inside the meson, which makes the F = 1 state higher than the F = 0 state. The mass splitting narrows with increased quark mass. This is indeed the case in QCD when going from ρ and π, φ and η to J/ψ and η c . The vector meson is always heavier than the pseudoscalar. As a result, we will always take the ρ's to be heavier than the pions. Moreover, suppressing semi-annihilation processes of ππ → πρ (and in the SU(N c ) case, also ππ → πω) compared to the 3 → 2 process requires m ρ ∼ > 2m π .
In Fig. 3 we plot the various branching fractions of the dark photon as a function of its mass. The left and right panels of Fig. 3 correspond to the low-mass and high-mass ranges of the dark photon, respectively. Here we take m π = 300 MeV, α D = 1/(4π) and γ = 2.3 × 10 −3 , corresponding to the largest allowed value of γ for the low mass range, as will be seen below in Fig. 4 . We choose two representative benchmark cases for lightest ρ-meson mass: m ρ 1 = 1.9m π with the corresponding tower, and m ρ 1 = 2.1m π with the corresponding tower. Given that the m ρ /m π mass ratio cannot be computed reliably, these two benchmark cases are sufficient as examples of different potential features. As mentioned above, we do not consider ρ masses much below 2m π , such that semi-annihilations into ρ's do not dominate the relic abundance, and are at most comparable to the 3 → 2 rate. If the mass of some low-lying vector state does not exceed 2m π , this resonance cannot decay invisibly and instead decays back to SM particles. This is exemplified by the m ρ 1 = 1.9m π case, plotted in purple, where the first low-lying state decays into SM modes. Alternatively, the lightest low-lying vector state can be heavier than two pions, in which case all invisible modes are available. Such behavior is represented by the m ρ 1 = 2.1m π case, which is plotted in green. The shaded green regions define the range of validity of the SIMP mechanism with a dark photon mediator to the visible sector, as in Fig. 2 . The other colored shaded regions are the experimental constraints on γ , coming from visible [33] and invisible [38] decays at BaBar, mono-photon searches at DELPHI [40] , electroweak precision observables [29] , Drell-Yan production measured at ATLAS [36] and CMS [35] , four-fermion contact operators at LEP II [31] , h → ZV → 4 from CMS data [30] , and monojet searches at CDF and ATLAS [39] .
Having computed the partial widths, the dark photon constraints of Fig. 1 can be appropriately weighted and combined with the SIMP constraints of Fig. 2 to obtain the viable parameter space. The results for the SIMPlest model of an Sp(2) = SU (2) gauge group with N f = 2 are shown in Fig. 4 . The unshaded region in the center is phenomenologically viable. For instance, a dark photon with mass of a few GeV can have γ as large as ∼ 10 −3 but not smaller than ∼ 10 −5 ; the γ range mostly broadens (shrinks) for lighter (heavier) masses. Concerning the BaBar limits, our treatment is as follows. Given the smallness of the decay widths into SM particles compared to the decay width into dark resonances (see Fig. 3 ), we take 100% branching fraction into SM particles when m V < 2m π , and once decays into the hidden sector are kinematically allowed, we use 100% branching fraction into the hidden sector. The depicted results use m π = 300 MeV and α D = 1/(4π), and the effect of altering the dark matter mass can be readily understood. As m π varies, the constraint from suppressing semi-annihilation m V ∼ > 2m π shifts accordingly, as does the resonant annihilation dip near m V = 2m π . Likewise, the transition point between the BaBar SM final state searches and invisible modes will shift accordingly. Qualitatively, the viable parameter space of SIMPs shown in Fig. 4 well-captures the viable parameter space of other gauge groups with different number of colors and flavors as well.
SIMP spectroscopy
If the dark-photon is produced off-shell, then its production probes the spectrum of resonances of the SIMP dynamics. The idea presented here applies more broadly to any strongly coupled sector that interacts in a similar way with the SM.
There are two distinct regimes to the SIMP physics that depend on whether the singlet dark ρ-meson is kinematically allowed to decay into the dark pions, or decays via the hidden-photon into SM states. All but the singlet ρ-mesons transform nontrivially under the broken flavor symmetry (see Table 2 ), and may be stable against all decays, in the Sp(N c ) and SO(N c ) theories. For the SU (N c ) case, since the ρ-mesons and pions transform identically, the ρ's can decay into π + V ( * ) → π + + − etc.
When the dark ρ-meson can decay into dark pions, then any production of dark quarks or dark hadrons will quickly cascade decay into the dark pions, resulting in the dynamics of the dark sector being primarily measured indirectly. Since the SIMP parameter space naturally pushes m q /f π > 1 [3] , and therefore m π → m ρ , it is quite possible that the dark ρ-mesons will be stable against strong decays inside the dark sector.
If the dark ρ-meson is kinematically forbidden to decay into the dark pions, then dark ρ-mesons must decay via interactions with the dark photon. The singlet ρ-mesons can decay via ρ → V ( * ) → SM. This can lead to a lepton-jet-like signal [49] .
There are additional low-lying hadronic states that may play a role in the phenomenology. The most important one is the a 1 resonance, 2 which is the L = 1, S = 1 spin-1 resonance. The a 1 transforms under the flavor symmetries as the pions. When the a 1 state is kinematically allowed to decay into the strong sector, it may decay via the dominant processes a 1 → 3π, πρ 1 . If the lowest ρ-mesons strong decays are forbidden, then strong a 1 decays will be forbidden as well. Instead the a 1 will be forced to decay via a 1 → πV ( * ) . This decay is always allowed, and so the a 1 will not be stable. Similar statements can be made about the ω resonances in SU (N c ) theories.
Additional states like the L = 1, S = 0 states (b 1 meson) are stable to decays to dark pions in Sp(N c ) or SO(N c ) theories. They will be able to decay with a dark photon into dark ρ-mesons. The number of states that are stable to strong decays grows as dark quark masses grow and the theory transitions into a quirk-like regime [50] .
Measuring invisible mass
In e + e − → γ + inv annihilations, the energy of the recoil photon is in one-to-one correspondence with the invariant mass M inv of the invisible system,
The production cross section is given by
with β = 1 − M 2 inv /s, which agrees with the result of Ref. [51] . Here, the widths are to be computed as if m V = M inv , reflecting the off-shell nature of the dark photon in the process, using the m V dependence of widths given in Fig. 3 . We take the acceptance of photons to be |cos θ| < cos 12 • . This is only slightly optimistic compared to the actual geometric coverage of 12 to 157 degrees at Belle-II. Belle-II is working on implementing a single photon trigger [52] , a significant effort considering the high rate of bremsstrahlung background.
Using the partial widths modeled in Section 5, we show the invariant-mass spectrum in e + e − collisions at √ s = 10 GeV. The entire mass range is shown in Fig. 5 , while Fig. 6 focuses on the low mass range. The dark photon peak in the invariant mass distribution is clearly visible (here at 2 GeV). The irreducible background of e + e − → γνν is shown in the dashed gray curve in Fig. 5 . For the low masses in Fig. 6 , we present two possible dynamics, using the benchmarks of m ρ 1 = 1.9m π and 2.1m π as representative cases. In the latter case, when all ρ resonances are above the two-pion threshold, their decays are entirely into the dark sector (green curve). In the former case, only the second and higher vector resonances decay invisibly (purple curve), while the first vector resonance cannot decay into dark pions, and so decays into charged leptons and QCD pions. We describe these visible decays next. If the dark photon mass is well above the confinement scale, it decays into dark quarks which fragment dominantly into dark mesons. As discussed above, many of the meson states either decay into dark pions, are stable against the strong decays, or are completely stable. However, a fraction of the produced mesons can decay back into the Standard Model and create additional lepton pairs or QCD-hadrons. The study of the invisible mass spectrum therefore needs to be done paying careful attention to this possibility that a fraction of the 'invisible mass' is actually visible.
Finally, various dark sector masses can be measured without full knowledge of the strongly coupled sector. The invariant mass of lepton pairs would measure the mass splittings among the SIMP resonances, as well as the lowest ρ states. The cutoff at small invariant mass in the M inv -distribution corresponds to 2m π , measuring the mass of the dark matter. A combination of these techniques can in principle reveal the spectrum of the SIMP sector resonances.
Visible widths of SIMP resonances
If a resonance in the dark sector cannot decay 'strongly', say when m ρ < 2m π , it will decay into the visible sector. This is akin to the fact that J/ψ cannot decay into D + D − , and decays instead into µ + µ − with a large branching fraction (∼ 6%). In the case of SU (N c ) Figure 6 . The same as in Fig. 5 , but focusing on the low invariant mass region. Two benchmarks are considered. When m ρ1 = 2.1m π (solid green), all ρ states decay into ππ. When m ρ1 = 1.9m π (solid purple), the first ρ state cannot decay invisibly and decays instead into charged leptons. These decays are described in the dashed red vertical line, and the corresponding σ × BR is marked as well.
gauge theories, ω cannot decay into two pions but can into three pions. Therefore the ω states are more likely to decay into the Standard Model leptons. The leptonic branching fraction for a dark resonance can be computed in the same way as for the vector mesons of ordinary QCD. For the ordinary ρ-meson of the SM,
As a result, for the SM ρ-meson
Following the SM example, but for the case of Sp(N c ) theories and the singlet ρ-mesons (the vector corresponding to the gauge U (1) D -symmetry, up to a normalization),
Here, q i are regarded as Dirac fermions. We take the decay constants from the soft wall model [45] ,
see Appendix A for more details. Taking into account the mixing between the dark photon and our photon, and considering the SU (N c ) and SO(N c ) gauge theories as well, the widths into dilepton final states are 3
In the case of SU (N f ) theories, there is also the ω n , which is degenerate with the ρ n in holographic QCD, with width
Finally, there are widths into (our) hadrons, given by the multiplication of the above expressions by R(s) of Eq. (5.17) with β = 1. We can use the production cross section in Eq. (6.2) by identifying the vector V not as the dark photon but rather as SIMP resonances, in the narrow width approximation:
Then Eq. (6.2) reduces to 
Future prospects
We now discuss future prospects for SIMP dark matter searches interacting with the SM via a kinetically mixed hidden photon. These include direct detection, spectroscopy at e + e − colliders, hadron collider signatures, ILC prospects and beam dump experiments. To illustrate the many future probes of the setup, in Fig. 7 we show projections of various future measurements into the viable parameter space of Fig. 4 . The shaded green and gray regions correspond to the excluded regions of Figs. 2 and 4 , accordingly, while the colored curves show future reach, as detailed below.
Dark matter direct detection
Sub-GeV dark matter is challenging for direct detection experiments relying on conventional nuclear recoil signals (though see Refs. [53] [54] [55] ). For light dark matter of order hundreds of MeV, scattering off an electron will typically deposit m e v 2 halo 100 eV energy, and can excite electrons in a semiconductor above the band gap, leading to a detectable signal [56, 57] . (In this context, see Ref. [58, 59] for use of superconducting targets as well.)
The non-relativistic scattering cross section of SIMP pions on electrons is given by
Here, s = (m e + m π ) 2 + m e m π v 2 π . For dark matter mass of order a few hundred MeV, the current direct detection constraint is σ DD 10 −35 cm 2 [60] using data from the Xenon10 experiment [61] . The analysis of Ref. [62] suggests that an improved reach down to cross sections of O(10 −41 cm 2 ) may be achievable in a silicon or germanium semiconductor detector with a kg·year of exposure. Contours of the SIMP-electron elastic scattering cross section are overlaid in Fig. 7 in dashed orange curves.
Spectroscopy at low-energy lepton colliders
At SuperKEKB, an integrated luminosity of 50 ab −1 is anticipated. In the Belle II experiment, the implementation of a single photon trigger has started to be studied in order to make the beam-induced and QED-originated backgrounds under control. The expected energy resolution of the electromagnetic calorimeter is 1.5% at E γ = 5 GeV, 2% at E γ = 1 GeV and 4% for E γ = 0.1 GeV [52] (see also Ref. [63] ). There is a large background at M inv = 0 when one of the photons in the e + e − → γγ process is lost. This should be estimated by a detector Monte Carlo, and one can also veto events where a single photon is detected whose recoil photon falls into the insensitive region of the detector with the e + e − → γγ hypothesis [52] . With the expected energy resolution, Belle-II should, in principle, be able to separate individual peaks of a resonance structure from each other as well as from the background. They could also find the dark photon resonance itself and possibly multiple peaks in lepton pairs, leading to a striking signal, as shown in Figs. 5 and 6. If a signal is seen, a dedicated low-energy high-intensity e + e − collider would enable more detailed spectroscopy to be performed. From the lattice perspective, it may become possible in the future to compute the vector-vector correlation function for time-like momenta by analytic continuation from the precise lattice calculations [64] , in which case one could extract many characteristics of the strongly coupled hidden sector, such as the gauge group, number of colors, number of flavors and the quark masses, by fitting the spectrum.
LHC prospects
Most of the current constraints on the dark photon parameter space from the LHC are expected to improve in the near future, via the search for the Drell-Yan process, search for monojet events, and more detailed studies in h → 4 at the LHC Run-2 and beyond.
Projections for the LHC and at a 100 TeV pp collider are shown in Fig. 7 . The 100 TeV Drell-Yan and EWPO LHC14 projections are taken from [30] .
Other interesting LHC phenomenology is expected. At the LHC, in the entire allowed parameter space, the dark photon can be produced on-shell and often with a significant amount of p T . If the dark photon mass is significantly above the confinement scale, then dark photon decays produce dark quarks. The dark quarks will shower and fragment dominantly into dark mesons. If m ρ /m π ∼ 1, there is no kinematical suppression for fragmenting into the dark ρ mesons, and dark ρ mesons may become the dominant final states due their three spin states. If m ρ < 2m π , then for the SO(N c ) and Sp(N c ) cases, the singlet dark ρ-meson can decay into lepton pairs, while the adjoint ones into π + V ( * ) → π+ + − . The remaining ( and ) dark ρ-mesons are stable. Thus, the signals in this case will primarily be a mix of missing energy and ρ-decays via V ( * ) into narrowly collimated small invariant mass lepton pairs, known as 'lepton jets' [71] [72] [73] [74] . The invariant mass of the lepton pairs could be used to reconstruct the SIMP resonances. The primary challenge in detecting events where pp → V + X is that the lepton jets will be relatively soft because the number of dark hadrons that are typically produced in the fragmentation is large. Depending on the size of the kinetic mixing, V may decay promptly, or displaced from the collision point. This is an explicit realization of 'hidden valley' [49] phenomenology. If the hidden QCD scale (and therefore the dark matter mass) is heavier, emerging jets [75] are possible as well.
Additional states like the L = 1, S = 1 dark-a 1 state, or even possibly the L = 1, S = 0 states, can be produced in the fragmentation of the dark quarks. These decays will produce V ( * ) signals. We cannot predict from first principles the rate with which that these high resonances appear in the dark quark jets, though they are likely to be produced at lower rates since they will be heavier than the π and ρ states. However, if they are produced at significant numbers, then the production of rich lepton-jet events is possible.
ILC prospects
We study the ILC sensitivity using two processes. The first is the search for monophoton events, similar to the search discussed earlier at LEP II with DELPHI data. The second is precision measurements of e + e − → ff processes, which are usually cast in the language of contact (effective four-fermion) operators.
The monophoton search is limited by the background. We rely on the simulated background levels in Ref. [67] , assuming √ s = 500 GeV, with integrated luminosity of 500 fb −1 and beam polarizations P e − = 0.8, P e + = −0.6. (This polarization suppresses the background as the electron is nearly right-handed and does not couple to the W boson.) We use the narrow width approximation, so that the dark photon production appears in one bin of the recoil photon energy, and allow for 2σ fluctuations relative to the simulated background. The sensitivity goes far beyond the current limits, as is shown in the green curve in Fig. 7 . Unfortunately the simulation in Ref. [67] does not extend to photon energies above E γ > 220 GeV, so the sensitivity for m V < 173 GeV cannot be evaluated. We hope that studies will be conducted for smaller dark photon masses as well.
Contact operator analyses are the standard analyses in e + e − → ff processes via the interference with the Standard Model amplitudes, and are expressed by the energy scale of the dimension-six four-fermion operators. Compared to the LEP II limits of approximately 20 TeV [31] , the ILC is expected to probe the energy scale up to nearly 200 TeV [68] , based on Ref. [69] . Since the center-of-mass energy is fixed at the ILC, unlike the LHC case, it is straightforward to re-interpret the ILC sensitivity to the case where the dark photon mass is lower than the center-of-momentum energy. The resulting projected reach is shown in the violet curve in Fig. 7 .
In addition, the ILC will tighten EWPO constraints with its GigaZ option [29, 30] , as shown in the solid brown curve in Fig. 7 .
Beam dump and fixed target experiments
If the dark photon decays visibly, it can be searched for in beam dump experiments. When a proton beam hits a thick target, many hadrons are produced, some of which may decay into the dark photon. The dark photon may additionally be produced via bremsstrahlung off a proton. After all the hadrons and muons are stopped and/or swept away, only very weakly interacting particles will propagate into the detector. If the dark photon decays into + − or hadrons, it can be detected in this fashion.
Since the dark photon branching fraction into the visible particles is extremely small if it can decay to the strong sector, the sensitivity of beam dump experiments to the dark photon is limited to m V < 2m π . However, such a search would be very sensitive to small values of γ . In the orange solid curve of Fig. 7 , we show the projected reach of the SHiP (Search for Hidden Particles) facility, proposed for the CERN SPS [66] , into the dark photon parameter space.
Finally, the projected reach for the proposed electron fixed-target experiment APEX [70] is shown in the solid dark purple curve of Fig. 7 .
Discussion
In this paper, we discussed the phenomenology of strongly interacting massive particle (SIMP) dark matter. We use a dark photon that is kinetically mixed with U (1) Y to maintain kinetic equilibrium with the Standard Model sector during freeze-out. We studied a host of experimental constraints on the dark photon and its coupling to the dark matter. A wide parameter range is allowed by all constraints, summarized in Fig. 4 . Stringent limits on dark matter annihilations at the time of recombination as well as from indirectdetection are evaded due to the p-wave nature of the SIMPs annihilation through the dark photon exchange.
Many current and forthcoming experiments will improve their sensitivity to the remaining viable parameter space, as is summarized in Fig. 7 . The novel idea proposed here is to use the dark photon to study the spectroscopy of the vector meson resonances in the SIMP sector. At an e + e − collider, tagging the photon and measuring its energy uniquely determines the recoiling system, even when it is invisible. Alternatively, some resonances may decay back into Standard Model leptons, if their mass is too light to decay into the SIMP sector. The dark photon peak could be clearly seen in the invariant mass distribution of the mono-photon events, and the resonant structure of the strongly coupled theory could be detected, as is illustrated in Figs. 5 and 6 . A single-photon trigger at Belle-II could prove crucial in exploring this dark spectroscopy. The spectroscopy would allow us in principle to determine characteristics of the dark sector such-as the gauge group, the particle content, and the quark masses in the SIMP sector-once a better theoretical handle to compute dynamics of strongly coupled gauge theories is at hand. More generally, such spectroscopy can be use to study any strongly coupled sector that couples to the Standard Model in a conceptually similar way, even if not related to dark matter. At the LHC, the (on-shell or off-shell) dark photon can produce dark quarks which fragment into some of the low-lying resonances which decay into Standard Model leptons or jets, leading to lepton-jet and/or emerging-jet signatures. The direct detection of SIMP dark matter appears possible using semi-conductor detectors with electron recoil signals in parts of the viable parameter space. vector mesons of QCD. The quantum numbers of the ρ-mesons can be read off from gauging H, which matches with the intuition from the quark model with L = 0, S = 1 bound states; see Table 2 . In the case of SU (N c ) gauge theories, there is an additional U (1) B gauge boson that is the analog of the ω vector mesons of QCD. A schematic illustration of the setup is given in Fig. 8 . A reader interested directly in the results of the invisible width modeling can skip to the summary given in the final paragraph of this appendix. Given that we normalize the generators of the flavor symmetry as TrT a T b = 2δ ab [3] , as opposed to the more conventional TrT a T b = 1 2 δ ab , we define the covariant derivative for the bulk gauge field to be
so that in what follows, the definition of the gauge coupling constant g 5 matches that in the literature. Correspondingly, the Noether currents are
The spectrum of the unbroken gauge sector is relatively model-independent, fixed only by the boundary conditions of AdS. An early attempt in the literature using the 'hard wall' boundary produced a spectrum m 2 n ∼ n 2 [78] , which does not match the observed Regge behavior. Instead, we use here the spectrum obtained using the 'soft wall' model that reproduces the Regge behavior, m 2 n ∝ (n + J) [45] (details below). In contrast, the spectrum of the broken gauge sector, namely that of a 1 and π in the case of QCD, is highly model-dependent as it depends on the potential for the field X in the bulk and its interactions. In the models discussed in this work, the dark photon does not mix into axial vectors, and these are omitted from further discussion in this appendix.
The key point is that in holographic QCD, the sum over the KK towers in the vectorvector two-point function reproduces the parton-level vacuum polarization diagram in the large N c limit. Here and below, we only consider the vector currents of the unbroken symmetries. The definition of the vector-vector correlation function [78] is
Holography states that this is equivalent to the propagation of the gauge boson in the bulk. By writing the gauge boson in terms of its KK states, with the 'soft-wall' background in AdS [45] , the KK spectrum of the unbroken gauge bosons is simply
in units of the AdS curvature. The KK gauge field wave functions are given in terms of the associated Laguerre polynomials, where H r is the harmonic number of order r. Comparing it to Eq. (5.11), we can read off (A.8)
The overall normalization, determined by g 5 , is still undetermined. Using the asymptotic expansion for large −q 2 in the deep Euclidean region, H −q 2 /4 ≈ − log 4 −q 2 + γ + O(−q 2 ) −1 , (A.9) the coefficient of the logarithm can be matched to that in the parton-level calculation of the self-energy. The 5D gauge coupling constant in the AdS unit is then determined to be The imaginary part of the the two-point function gives the decay width of the vectormesons. With the expressions above, one obtains a series of delta functions with no widths, which would not mimic the realistic situation. In order to properly include widths of the KK gauge bosons, one needs to go beyond the leading approximation in the 1/N c expansion, which is beyond the current state of holographic QCD. Here, we model the widths by Table 2 . Gauging the unbroken flavor symmetry in the AdS bulk, H, we can identify the spectrum of the ρ-mesons for the Sp(N c ), SO(N c ) and SU (N c ) gauge theories.
the perturbative two-body decays into the lowest KK pion states (the dark matter). The coupling g ρππ is proportional to g 5 , where the proportionality constant is given by the overlap integral of the relevant wave functions in the bulk, which are model-dependent. As a proxy, we simply set g ρππ = g 5 which is supported by QCD data (g ρππ = 5.95 vs. Here, the factor D R = Tr R (T a ) 2 (no sum over a) is the trace of the generator for the singlet ρ vector on the representation R of the pions (including their conjugates, see Table 1 ). For the gauge groups considered here,
(A.12)
The width can be included in the sum (Eq. A.7) by modifying the external momentum where a V is a normalization factor relating the 2-pt correlation function for the vector ρ-meson and hidden-photon
This is the main result of this section, and Eq. (A.17) will be used to model the width of the dark photon into dark-hadrons. For SU (N c ), the SU (N f ) L × SU (N f ) R × U (1) B symmetry is gauged in the AdS bulk. The ρ-mesons belong to the unbroken SU (N f ) V subgroup, while ω belongs to the unbroken U (1) B . The vector boson masses of ρ and ω are degenerate because they are both fixed only by the boundary conditions-independent of how the symmetry is broken in the bulk by the X scalar-in good agreement with QCD. The generator in the vector-vector correlation function is 19) separated into the U (1) B generator and a traceless U (1) ⊂ SU (N f ) generator. Therefore the ω contribution to the vector-vector two-point function comes with the weight (N 1 − N 2 ) 2 /N f , while the ρ contribution has the weight 4N 1 N 2 /N f . However, pions do not carry baryon number, and hence ω does not couple to pions at the 'tree-level.' At the quantum level, pions do carry baryon number due to the winding number of its soliton (Skyrmion) solution [6] . Therefore, ω decays into 3π via the Wess-Zumino-Witten terms, due to interactions of the form It would be interesting to study how the phenomenology varies for different gauge groups, N c , N f , and quark masses in a comprehensive way. We leave this exploration to future studies.
